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ABSTRACT 

We derive necessary conditions for the spinorial Witten-Nester energy to be well-defined for asymp- 
totically locally AdS spacetimes. We find that the conformal boundary should admit a spinor 
satisfying certain differential conditions and in odd dimensions the boundary metric should be con- 
formally Einstein. We show that these conditions are satisfied by asymptotically AdS spacetimes. 
The gravitational energy (obtained using the holographic stress energy tensor) and the spinorial 
energy are equal in even dimensions and differ by a bounded quantity related to the conformal 
anomaly in odd dimensions. 
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1 Introduction 



The AdS/CFT duality relates gravity in asymptotically AdS spacetimes to a quantum field theory 
on its conformal boundary. One of the main features of the duality is that the boundary fields 
parametrizing the boundary conditions of bulk fields are identified with QFT sources that couple 
to gauge invariant operators. In particular, the boundary metric g>( ) i s considered as a source of 
the boundary energy momentum tensor and at the same time is the metric of the spacetime on 
which the dual field theory is defined. 

In quantum field theory the sources are unconstrained, so that one can functionally differentiate 
w.r.t. them to obtain correlation functions. Thus the duality requires the existence of space- 
times associated with general Dirichlet boundary conditions for the metric. Such general boundary 
conditions go beyond what has been considered in the GR literature where asymptotically AdS 
spacetimes (AAdS) were defined to have a specific asymptotic conformal structure, namely that 
of the exact AdS solution [1, 2], but they have been considered in the mathematics literature [3]. 
The asymptotic structure of these more general spacetimes is only locally that of AdS; we will call 
them asymptotically locally AdS (AlAdS) spacetimes. 

An integral part of the correspondence is how conserved charges are mapped from one side 
to the other. This is in fact dictated by the basic AdS/CFT dictionary. On the field theory 
side, conserved charges are generated by conserved currents. In particular, the energy can be 
computed from the energy momentum tensor. Applying the AdS/CFT dictionary, we find that one 
should be able to compute the gravitational energy from the energy momentum tensor obtained by 
varying the on-shell gravitational action w.r.t. the boundary metric. Such a definition of conserved 
charges is available in the literature [4], but the naive implementation of this idea gives infinite 
answers, essentially due to the infinite volume of spacetime. In the GR literature such infinities 
are (explicitly or implicitly) dealt with by background subtraction. The AdS/CFT correspondence, 
however, suggests a new approach: one subtracts the infinities by means of boundary counterterms 
[5]- [16], as done in QFT in the process of renormalization. This procedure, called holographic 
renormalization, is by now a well studied method. We will call the charges defined using the 
holographic energy momentum tensor "holographic charges" . Notice that these charges are defined 
intrinsically rather than relative to some other spacetime. This is a definite advance over the 
background subtraction method, since a suitable reference spacetime does not exist in general. 

The holographic charges agree 1 with previous definitions of conserved charges [17, 1, 2, 18] when 
the latter are applicable, i.e. when the spacetime approaches that of the exact AdS solution and one 
considers the energy relative to AdS, see [19] for a detailed comparison between different definitions 
of conserved charges. The new definition on the other hand extends to arbitrary asymptotically 
locally AdS spacetimes. Moreover it was proved in [16] that these charges arise as Noether charges 
associated to asymptotic symmetries of such spacetimes and also shown to agree with the charges 
defined in the covariant phase space approach of Wald et al [20] . 

AAdS spacetimes are known to have positive mass relative to the AdS solution, which saturates 
the bound in a positive mass theorem [21]. The proof in [21] generalizes Witten's spinorial positive 
energy theorem [22] for asymptotically flat spacetimes. A natural question to ask is whether the 

lr The apparent difference between the holographic mass for odd dimensional AAdS and other definitions such as 
the one in [1] is now understood to be due to the fact that these other approaches effectively compute masses relative 
to that of AdS2k+i, and the holographic mass of AdS2k+i is nonzero, see [16] for a detailed discussion. 
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holographic energy of AlAdS spacetimes is subjected to a positivity theorem. Such a generalization 
is far from obvious and is known to be false for asymptotically locally flat spacetimes [23, 24]. A 
new positivity theorem for a specific class of AlAdS spacetimes has been conjectured in [25]. In this 
reference an AlAdS solution with negative mass (relative to AdS with periodic identification) was 
found but it was conjectured to be the lowest energy solution among all solutions with the same 
asymptotics. 

Notice that the positivity of the gravitational energy implies via the AdS/CFT correspondence 
the positivity of the quantum QFT Hamiltonian at strong coupling. This is a very strong conclusion 
since for a general AlAdS the dual QFT resides on a curved manifold, and in general even the very 
definition of a QFT on a curved manifold is subtle. Therefore, in general we expect that only a 
subclass of AlAdS spacetimes is subject to a positivity theorem. One might in fact turn things 
around and view our discussions as giving a criterion for the selection of good boundary conditions. 

This paper is organized as follows. In the next section we discuss the definition of asymptotically 
locally AdS spacetimes and in section 3 the definition of energy for such spacetimes. The spinorial 
energy of Witten and Nester is reviewed in section 4. In section 5, we construct asymptotic 
solutions of the Witten equation and use them in section 6 to compute a regulated version of the 
Witten-Nester energy for AlAdS spacetimes. This leads to a number of necessary conditions for the 
existence of such an energy. In section 7 we compare the finite part of the Witten-Nester energy 
with the holographic energy. In section 8 we specialize to AAdS spacetimes and in section 9 we 
illustrate subtleties related to some global issues by discussing two examples, the extremal BTZ 
black hole and the AdS soliton. We conclude with a discussion of our results in section 10. In 
order to keep the line of argument clear, we have moved most of the technical details to a series of 
appendices. 



2 Asymptotically locally AdS spacetimes 

We discuss in this section the definition of asymptotically locally anti-de Sitter (AlAdS) spacetimes. 
More details can be found in [13, 16] and the mathematics reviews [26, 27]. In this paper, we restrict 
our attention to the case of pure gravity but the method can be generalized to include matter. 

The most general asymptotic solution of Einstein's equations with negative cosmological constant 
takes the form [3] 

dz 2 1 

ds 2 = G^dx^dx" = — "I — ^gij{x , z)dx l dx 3 , 

g(x, z) = g (0 ) + zg {1) ■■■ + z d g (d) + h (d) z d log z 2 + • • • (2.1) 

In these coordinates z = is the location of the conformal boundary of spacetime and <7( ) is 
an arbitrary non-degenerate metric (which represents the conformal structure of the boundary). 
Einstein equations determine uniquely all coefficients in (2.1) except for the transverse traceless 
part of <7(d) [3, 5, 8] (see appendix A of [8] for concrete expressions). A short computation reveals 
that the Riemann tensor of the metric (2.1) is asymptotically equal to 

R^unx = (G^G VK - G K ^G vX ){l + 0{z)) (2.2) 

where the cosmological constant is normalized as A = — d(d — l)/2 (i.e. we set the AdS radius 
equal to one). Thus the leading form of the Riemann tensor is exactly the same as the Riemann 
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tensor of the AdSd+i spacetime. We will call solutions with this property "asymptotically locally 
AdS" (AlAdS) spacetimes. All solutions of pure gravity with negative cosmological constant are 
of this form. Notice that we do not require the conformal structure of (2.1) to be that of AdSd+i- 
Spacetimes with this conformal structure are called "asymptotically AdS" [1, 2]. 

Recall that AdSd+i is conformally flat and this implies [28] that <7( ) is also conformally flat and 
the expansion (2.1) terminates at order z 4 , 

9(x, z)=(l + y <7(2)0 ( o)) 9(0) (l + yfl(o)3(2)j (2-3) 

with 

d = 2: g (2)ij = -l(Rg m+tij ), VH tj = 0, t\ = R, (2.4) 

d + 2 : g (2)ij = ~j^(Rij ~ ^ Rg^ij), 

where Rij is the Ricci tensor of g>( ) and the transverse traceless part of is not determined by 
the asymptotic analysis. <7( ) may be chosen to be the standard metric R x S^ 1 . By definition, 
AAdSd+i spacetimes have the same boundary conformal structure as AdSd+i- This implies that 
all coefficients up to g^) are the same as those for AdSd+i, but g^) 1S different. For AAdSd+i 
spacetimes the logarithmic term in (2.1) is absent. 

AlAdS spacetimes have an arbitrary conformal structure [g(o)} and a general g^, the logarithmic 
term is in general non- vanishing, and there is no a priori restriction on the topology of the conformal 
boundary. The mathematical structure of these spacetimes (or their Euclidean counterparts) is 
currently under investigation in the mathematics community, see [27] and references therein. For 
instance, it has not yet been established how many, if any, global solutions exist given a conformal 
structure, although given (sufficiently regular) gr \ and gi d \ a unique solution exists in a thickening 
B x [0, e) of the boundary B. On the other hand, interesting examples of such spacetimes have 
appeared in the literature, see [27] for a collection of examples. One of the motivations for the 
current work is to derive physically motivated conditions on the possible conformal structures 

b(0)]- 

A very useful reformulation of the asymptotic analysis can be achieved by observing that for 
AlAdS spacetimes the radial derivative is to leading order equal to the dilatation operator [14, 15]. 
That is to say, if we write the metric in the form 

ds 2 = dr 2 + jij(x, r)dx i dx j (2.5) 

which is related to (2.1) by the coordinate transformation z = exp(— r), then 

d r = 5 D + 0{e- r ) (2.6) 

where 5d is the dilatation operator. For pure gravity 

S D = J^±.. (2.7) 

When matter fields are present 5o contains additional terms according to the Weyl transformation 
of the corresponding boundary fields (see [14, 16] for examples). The asymptotic analysis can 
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now be very effectively performed [14] by expanding all objects in eigenfunctions of the dilatation 
operator and organizing the terms in the field equations according to their dilatation weight. 

For the case of pure gravity, the main object is the extrinsic curvature of constant-r slices. 
In the coordinates where the metric is given by (2.5), the extrinsic curvature is equal to 

Kij = (2.8) 

where the dot indicates derivative w.r.t. r. It admits the following expansion in terms of eigen- 
functions of the dilatation operator, 

K)[ 7 ] =5) + K {2) ) + K {4) ) + ■■■ + K {d) ) + K {d) )(-2r) + ■■■ (2.9) 
where all terms but transform homogeneously with the weight indicated by their subscript, 

S D K (n)j = -nK( n) ),n < d, 5 D K {d) ) = -dK {d) ) (2.10) 
and K^ % - transforms anomalously, 

5 D K {d) ) = -dK {d) )-2K {d) ). (2.11) 
Notice that Kpk+i)) = 0. The radial derivative admits a similar expansion: 

d r = S D + 3(2) H 

= / ^4 = 2 / AAy 4 =Sd+ I Aa ' ,2, «;4 + • ■ ■ (2 ' l2> 

where we used the chain rule and (2.8)-(2.9). 

Inserting these expansions in Einstein's equations and grouping terms with the same weight 
together leads to a number of recursion relations that can be solved to uniquely determine all 
coefficients except for the traceless divergenceless part of K^ % - [14]. 

The coefficients K^j, K( d )ij determine the coefficients <7( n ) , fy^jj in (2.1) and vice versa. The 
precise relations have been worked out in [14] and we list them here for up to n = 4, 

7«b(0)] = -^(S(o)ij + 9(2)ijZ 2 + ■■■ + z d 9(d)ij + \d)ijZ d log z 2 + ...) 

K (2)ij[9(o)} = ~9(2)ij (2-13) 
3 



3 

K (3)ij[9(o)] = —z9{3)ij, for d = 3 



K(4)ij[g( )} = -^9{A)ij ~ 3/i (4 )ij + (flf 2 ))ij - ^f(0)u( Tr f( 2 ) - (Trfi^)) 2 ) 

-^5(2)ijTr5(2), for d = A 

K(d)ij[9(0)] = -^ h (d)ij- 

Explicit expressions for , fy n ) (for low enough d) can be found in appendix A of [8] and expres- 
sions for Kijlj] in [14]. 
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Since the dilatation operator is equal to the radial derivative to leading order, the leading radial 
dependence of a dilatation eigenfunction of weight k is equal to exp(— kr). It will be useful to 
introduce the following "hat" notation for the leading coefficient: 

f (k) = e- kr f {k) (x)(l + 0(e- r )) (2.14) 

For instance, j(_2)ij( x ) denotes the boundary metric g(o)ij( x ) an d K(n)ij = K(n)ij\9(o)]- 

3 Energy of Asymptotically locally AdS spacetimes 

In gravitational theories energy is usually measured with respect to a reference spacetime, but 
such a reference spacetime may not exist for general AlAdS spacetimes. In AlAdS spacetimes that 
possess an asymptotic timelike Killing vector, however, one can do better: one can assign a mass 
in a way that is intrinsic to the spacetime, as we review in this section. 

We first note that all AlAdS spacetimes possess a covariantly conserved energy momentum 
tensor constructed from the metric coefficients (in general there are contributions from matter 
[8, 10, 11, 19, 16], but we only discuss the pure gravity case in this paper), 

Ti i = ~^ K {d)ij ~ K {d)Hj) (3-15) 

where = and k 2 = 8irG. This energy momentum tensor is equal to the variation 

of the gravitational on-shell action supplemented by appropriate boundary counterterms w.r.t. 
the boundary metric [6, 8, 14]. One can also derive (3.15) as a Noether current associated with 
asymptotic (global) symmetries of the bulk spacetime [16]. When the bulk equations of motion 
hold, it satisfies, 

V% = 0, If = A, (3.16) 

where A is the holographic anomaly (A is non-vanishing only for even d for the pure gravity case 
but when matter is present there may be additional conformal anomalies for all d [29]). 

Let us consider an AlAdS spacetime that possesses a vector that asymptotically approaches a 
conformal Killing vectors £ l of the boundary metric <7( ) ( see appendix B of [16] for the precise fall 
off conditions). Conserved charges are now obtained as, 

Qh = -[ dSiT^e (3.17) 
JC t ndM 

where Ct is an initial value hypersurface of the bulk manifold. If the anomaly vanishes one can 
construct conserved charges for all conformal Killing vectors of the boundary metric. In particular, 
the energy is associated with a timelike Killing vector. 

One can compute the value of the energy with following steps (see also section 6 of [16]): 

1. Bring the bulk metric to the form (2.1) by changing coordinates near z = 0, and read off the 
coefficients g^ n y From these coefficients, compute the coefficients using (2.13). 

2. Compute the stress energy tensor Ty by substituting Kr^j in (3.15). 

3. Plug in Tij and the timelike Killing vector of <7( ) m (3.17). 
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Let us illustrate this procedure by computing the mass of AdS^. We already reported the result 
for step 1 in (2.3). Substituting in (3.15) we obtain the stress energy tensor [9] 



Ti 



1 



Kl 



647rGjv ( 4 ^,o^,o + ff( fa-) ( 3 - 18 ) 



The boundary metric is in this case the standard metric on R x S 3 , so the timelike Killing vector 
is £ = d/dt. Substituting in (3.17) we get 

/37T 
d 3 x^T 00 = (3.19) 

In previous approaches [17, 1, 2, 18] one could only measure the energy of spacetimes relative to 
AdS$ . Here we see that we can compute the mass for AdS§ itself. The fact that the mass is non-zero 
is due to the presence of the conformal anomaly (which is related to IR divergences of the on-shell 
action). Its value is exactly equal to the Casimir energy of N = 4 SYM on S 3 [6]. 

The purpose of this work is to analyze under which conditions the energy defined holographically 
is bounded from below. To answer this questions we will connect the holographic energy to the 
spinorial energy of Witten and Nester that is manifestly positive definite. 



4 Positivity of energy 

Witten's positive energy theorem [22] is motivated by the fact that in supersymmetric theories the 
Hamiltonian is the square of supercharges. This implies that there is an expression for the energy 
in terms of spinors and that the energy is positive definite. The construction below imitates the 
supersymmetric argument but does not require super symmetry. 

Given an antisymmetric tensor E^ u , one can always obtain an identically covariantly conserved 
current (i.e. the conservation does not require use of field equations) 

f = V V E V » => V^f = -IR^E^ = 0, (4.20) 

where T>^ is the covariant derivative associated with the bulk metric G. Integrating the time 
component of this current over a spacelike hypersurface Ct, we obtain a conserved charge 

Q= f d^f = f d d xV*G n^E"" , (4.21) 
Jc t Jc t 

where l G is the induced metric on the hypersurface Ct and is the unit normal of Ct- Using 
Stokes' theorem 2 and assuming that the spacetime has a single boundary, we obtain a formula for 
the charges as an integral at infinity 

Q = [ d^ u E^= [ d^xJ^n^E^, (4.22) 
Jc t ndM Jc t ndM v 

where t gto) is the induced metric on Ct fl dM and P is the outward pointing unit normal of the 
boundary dM. 

2 Notice that n p X>vE v>1 — t T> v (n^E vti ), where tr D is the covariant derivative on Ct. 
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The Witten-Nester spinorial energy Ewn [22, 30] is derived using the following antisymmetric 
tensor constructed from a spinor fields e, 

E» v = 4 (er^V.e + c.c.) (4.23) 

K Z 

where 

V M = V, + ir M , (4.24) 

is the AdS covariant derivative (as noted before, we set the AdS scale / = 1 throughout this paper). 
A standard computation (see, for instance, [21] for details) that uses the bulk equations of motion 3 

iV-l(i?-2A)GV = 0, (4-25) 

yields 

n,V u E^ = 2 ((VaejW^e) - (T & V & e)\T?V e)) , (4.26) 

where the indices a, [3 run through all values except time and the hat indicates a flat index, e.g. 
V„ = E^V n with E*t being the inverse vielbein, see appendix A for our conventions. It follows 
that if there exists a regular spinor e on Ct satisfying the Witten equation, 

r a V a e = 0, (4.27) 

the Witten-Nester energy is positive definite, 

E WN > 0. (4.28) 

Furthermore, the equality holds iff the Witten spinor is covariantly constant w.r.t. to the AdS 
connection, 

E WN = V & e = 0. (4.29) 

On the other hand, the value of E\yn depends only on the asymptotics of the Witten spinor 
as follows from (4.22). We would like to compute this energy for general AlAdS spacetime. To 
regulate potential IR divergences we introduce a regulating surface S r . The regulated energy is 
now given by 

E WN [r}= [ d d ~ x x^i n„l v E^ = -\\ d A ~ l x^ (eT^Vae + c.c.) (4.30) 

where we used that in our case = E^ and 1^ = E^, see appendix B. To compute this expression 
we need to know asymptotic solutions of the Witten equation. 

3 As mentioned earlier, we consider the case of pure gravity in this paper. The positivity of the spinorial energy 
continues to hold for gravity coupled to matter with a stress energy tensor that satisfies the dominant energy condition. 
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5 Asymptotic solutions of the Witten equation 

We would like to obtain asymptotic solutions of the Witten equation, 

fe = (r + T a V a )e = 0. (5.31) 

This is obtained by expanding all quantities in terms of dilatation eigenfunctions, as in the asymp- 
totic analysis of the bulk equations of motion [14] reviewed in section 2. We present the details in 
appendix C. In particular, we find the Witten operator J/ admits the following expansion, 

f = f(0) + f(i) + E 7(2*) + 7(d) + i- 2r )f(d) + ■ ■ ■ , (5-32) 
k=l 

where the explicit expressions can be found in appendix C ([k] denotes the integer part of k). We 
only quote here the first two terms 

f(0) = (Sd + ^yV + \, f(i) = ™a (5.33) 

and note that ^ s zero wnen d is odd. 

Let us now consider a spinor with the asymptotic expansion 

e = e (m) + e (m+l) + e (m+2) H ^ e (m+d) + (~ 2r ) Z(m+d) H , (5.34) 

where the coefficients transform as their subscript indicates, 

fee(n) = -rce (n ), fee( m +d) = -(m + d)e (m+d) (5.35) 
except for e ( - m+rf - ) which transforms anomalously, 

foe(m+d) = ~{m + d)e( m+d) - 2e {m+d) . (5.36) 

Inserting (5.34) in the Witten equation and collecting terms of the same weight, we get a series 
of equations. The equation for the lowest order component reads 

f(0) £(m) = 0. (5.37) 

This implies that either 



m = --, e,_i)=P e f _iN (5.38) 



or 

m = d--, e (d _i } =P+e (d _i ) , (5.39) 

where -P 1 * 1 = ^(1 ± T r ) are projection operators. The Witten spinors with leading behavior as in 
(5.39) fall off too fast at infinity to contribute to Ewn, and therefore we consider only the solution 
with leading behavior as in (5.38) from now on. Notice, however, that a Witten spinor which is 
regular in the interior may require a linear combination of the two asymptotic solutions. 
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The remaining equations read 

( \ 

f(0) e ( _ i + fc) = - I e (fc _3) + ^ ( 2i)e ( _ i +fc _2,) I , fc = 1, 2, . . . , d-1 (5.40) 

/ iVi \ 

^(0) f (4+^) = - ( ^(i) e (d-|)+ H fm e (-±+d-2i) + f(d)t { -l) J ■ (5-42) 

Using the commutation relations between i n ) and P^ listed in (C.17) we conclude 

I*e ( _ i +n) = e ( _ i +n) , < n < d . (5.43) 

Equations (5.40) can be solved iteratively to determine locally all coefficients in terms of 
provided J? (p) is invertible. The zero modes of J7(o) are given in (5.38) and (5.39), so starting from 
£(_!) one can determine all coefficients except for P + e^_i +d j which is left undetermined. The result 

is 4 ' 



e ( i +fc) = -c(fc) e (fc _3 } + 2^(20 e (-i+fc-20 . ( 5 - 44 ) 



with C (20 = i, c( 2Z+l)= d _ (2 1 f + 1) , fc = l,2,...,d-l. 



Later on we will need the explicit form for k = 1: 

1 



^) = -^™ aeH) , (5.45) 

The solution of (5.41) and (5.42) depends on whether d is even or odd: 
• d even 

= (5.46) 
1 / - " /2 



fc=l 



d odd 



P + €^_i +d ^ undetermined 



'Use {(S D + - f ) ^ ( o)£ ( _i +fc) = - ^ ( _ i+fc) . 
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■2k) 



fc=l 



P + e ( -_i +(J - ) undetermined. 

Having determined the most general asymptotic solution of the Witten equation, we next turn to 
the computation of the Witten-Nester energy. 



6 Witten-Nester energy 

We are now in the position to compute the Witten-Nester energy. Recall that the regulated ex- 
pression is given by 

E WN [r] =-\ [ d d -\^i (etrrVae + c.c.) (6.48) 

where r, the position of the radial slice, is the regulator. Using the asymptotic expansion derived 
in the previous section we obtain 

q = -etrrVae 

= ?(-i) + 9(0) + Q(i) + ■■■ + Q(d-i) + (-2r)g (d _i) + • • • . (6.49) 

All terms up to <Z(d-i) give divergent contributions in (6.48) as r — > oo. Therefore, for Ey/N to 
be well-defined, these terms should vanish. Similar divergences were found in the on-shell action 
in [5] and there they were canceled by means of boundary counterterms. In the present context, 
however, we want to maintain the manifest positivity of Ewn so instead of adding counterterms we 
view the vanishing of the divergent terms as conditions imposed on the asymptotic data. In other 
words, our results show that only for a subset of AlAdS spacetimes the Witten-Nester energy is 
well-defined. We should add here that our discussions do not exclude the possibility that a modified 
Witten-Nester energy exists that is manifestly positive and is well defined for a wider class of AlAdS 
spacetimes. 

The explicit form of is most easily obtained by using (C.18). Using the alternating chirality 
of the spinors (5.43) we conclude 

?(-i) = Q(2i) = for 1 = 0,1,... 2/^cZ-l, (6.50) 
The odd powers however are generically non-zero, 

n— 1 2n— 1 

k=0 k=0 

iEE Wa^-^H) 1 * 1 ^'-*) (6 - 51) 

fc=l 1=0 

forn = l,2,...,[^]. 
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The result for the terms of order (d — 1) depends on whether d is even or odd, 

• d odd 

9(d-i) = , 

• d even 

where we separated out in Q(d-i) the term that depends on the coefficient which is not 

determined by the asymptotic analysis. The remaining terms are given by 

d/2-l d-l 

2^-i) = -c- 1 ) Ei- 2 H) £ (i + ^EH) w i-H) rS %^ 

fc=0 fc=0 
d/2-1 d_ 2 fc 

-2 £ £ K ^i- 2k -^r r ^d-h) ( 6 - 54 ) 

fc=l «=0 

To summarize, we have the following result 

d-l 
2 

d odd : g = ^ g (2 j_i) + g (d _i) + ■ ■ • (6.55) 



d even : q = ^ 9(2i-i) + (~ 2r ) ?(d-i) + 9(d-i) + ' ' ' ( 6 - 56 ) 

where the various coefficients are given in (6.51), (6.52) and (6.53). 

In order for the Witten energy to be well defined we need the integral of the divergent coeffi- 
cients be zero. Recall that is the metric variation of the conformal anomaly [8] and vanishes 
when the boundary metric is conformally Einstein [3], i.e. when there exists a representative of 
the boundary conformal structure that satisfies Einstein's equations (with or without cosmo- 
logical constant). So we conclude that a sufficient condition for the vanishing of the "logarithmic" 
divergence 5 (which is present only in even dimensions) is that the boundary metric is conformally 
Einstein. 

The "power-law" divergences q^n-i) impose further conditions on the asymptotic data, namely 
the boundary geometry should be such that spinors satisfying specific differential equations 

exist. In d = 2 there is no such divergence. For d = 3,4 the only divergent term is q^iy This results 
in the following condition 6 

(jdh)^ 2 + \ K ^ V ) e { _ h) = (6.57) 



5 Recall that — 2r = logz 2 and exp(fcr) = z~ k so (— 2r)g d _i and q^n-i) are analogous to the logarithmic and 
power-law divergences in the on-shell action. 

6 qm is equal to — e] 1 times the l.h.s. of (6.57). 

i 2 > 
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where 

This condition is not Weyl covariant but one can understand this as a consequence of the invariance 
of the Witten-Nester energy under diffeomorphisms, as we discuss in appendix D. We are not aware 
of a classification of manifolds that admit such spinors, but we will discuss examples below where 
this condition is satisfied. The conditions (?(2n-i) for n > 1 will only be discussed for AAdS 
spacetimes. 



7 Holographic energy vs Witten-Nester energy 

In the previous section, we discussed necessary conditions for the Witten-Nester energy to be well 
defined. We assume now that these conditions hold and we discuss how the finite part compares 
with the holographic energy. 

Using (6.48)-(6.49)-(6.52)-(6.53), we get 

E WN = JL d*-^ K^_ h) T>T n _ k) - JL d*-^ + c.c. (7.59) 

where -A^-i) is non-zero only for even d. A simple algebra shows that 

where Tij is the holographic stress energy tensor (3.15). It follows 

d odd : E WN = E h , (7.61) 

d even : Ey/N = Eh - E , (7.62) 

provided £(_!) is chosen such that 

e = ^(.J) (7-63) 

is a timelike Killing vector of the boundary metric g^y (The hat notation explained in (2.14)) 
Notice that gm^ must have a timelike Killing vector in order to define energy. We show in appendix 
E that if the Witten spinor is asymptotically a Killing spinor then (7.63) is automatically a timelike 
or null conformal Killing vector of the boundary metric. In the more general case we discuss here 
Killing spinors may not exists even asymptotically, but <?(o) can have a timelike Killing vector. In 
this case (7.63) is viewed as an additional condition on £(_!)■ 

The additional term for even d, i.e. for odd dimensional bulk spacetimes, is equal to 

Eo = ~\ [ Re(i ((i _i)), (7.64) 
K Jc t ndM 

where -A^-i) is given in (6.54). It depends only on asymptotic data and is a bounded quantity. 
For general AlAdS^ and AlAdS§ spacetimes Eq is given by 

•d = 2 ^i (1) = |^e ( _i ) | 2 (7.65) 
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where in deriving (7.66) we used the flniteness condition (6.57), <p stands for the spatial boundary 
coordinate of AlAdS% and K(2)ij is given in (6.58). In the next section we will derive Eq for 
AAdSd+i spacetimes. 

This leads us to the main result of this paper. Consider AlAdS spacetimes where in addition to 
the boundary conformal structure 7 [<?( )] we also specify a boundary spinor e,iJx). We require 
that (<7(o), £(_!)) are such that (i) the no-divergence conditions derived in the previous section are 
satisfied, (ii) £ l in (7.63) is a timelike Killing vector of g^, (iii) a regular Witten spinor approaching 
asymptotically exists and (iv) the bulk spacetime has a single boundary or if there are more 
than one boundary the other boundaries should give vanishing contribution to Ewn- 

The holographic energy of AlAdS spacetimes with such an asymptotic structure is bounded from 
below 

AlAdS 2k ■ E h >0 (7.67) 

AlAdS 2k+1 : E h >E (7.68) 

Spacetimes saturating the bound may be considered as "the ground state" among all spacetimes 
with the same asymptotic data. 

Notice that Eq depends on so if £(_!) is not fixed uniquely by our requirements, Eq in 

(7.68) should be understood to be the maximum among all choices. The fact that the bound 
in odd dimensions is non-zero is related to the fact that the Witten-Nester energy vanishes for 
supersymmetric solutions, but the holographic energy may not be zero, essentially because of the 
presence of the conformal anomaly. In fact Eq for AAdS spacetimes is related via AdS / CFT to the 
Casimir energy of the dual QFT. We discuss this further in the next section. 

We finish this section with a few remarks. If the boundary metric has additional (conformal) 
isometries the Witten-Nester construction can be generalized to include all conserved charges. This 
is discussed for AAdS spacetimes in [21] (see also the recent discussion in [31]). In such cases we 
expect exact agreement between the Witten-Nester charges and the holographic charges. We also 
expect that one is able to relax the last requirement, namely that all contributions to Ewn come 
from a single boundary. The case of spacetimes with horizons is discussed in [32]. Thus the main 
two requirements on the asymptotic structure are the no-divergence conditions and the global 
existence of Witten spinors. 

8 AAdS spacetimes 

In this section we restrict our attention to AAdSd+i spacetimes. This case has been discussed 
previously in [21, 32, 33, 19]. These spacetimes possess asymptotic Killing spinors and we take the 
the Witten spinor to approach such a spinor, 

e w (x, r) = e K (x, r)(l + 0( e - dr )), (8.69) 

where ex is the AdS Killing spinor given in (F.4). Properties of AdS Killing spinors are discussed 
in appendix F. 

7 As discussed in detail in [16] when the conformal anomaly does not vanish identically one needs to pick a specific 
representative in order to define the theory. 
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Recall that the asymptotics of AAdS start differing from AdS at the normalizable mode order 
and the Witten-Nester energy is zero for AdSd+i- It follows that all divergent terms in Ey/N [AAdS] 
are zero. We will shortly demonstrate this for up to d = 6. Furthermore, since Eq depends only on 
boundary data, it is universal among all solutions with the same asymptotics. So to evaluate it, it 
is sufficient to consider the case of AdSd+i- We thus obtain (using E\yN[AdS] = 0) 

E = E h [AdS\. (8.70) 

The energy of AdS2 P +i (with boundary R x S^ -1 ) can be evaluated using the results in appendix 
G for any p (for even dimensions Ef l [AdS2 P ] = 0). For up to d = 6 one can actually compute 
the energy of AdSd+i with boundary metric any conformally flat metric 5( ) using the following 
formulae derived in [8] (the formula for d = 6 corrects typos in (3.21) of [8]), 

d = 2 : Tij = -2 [5(2) - 5(0) Tr5(2)]ij (8-71) 
d = 4 : Tij = ^2 [-5(2) + 9(2) Tr g {2) - ^ (0) ((Tr 5(2) ) 2 - Tr gf^j 

1 2 rp, , 1 . . N2 



d = 6 : = ^2 [5(2) " 9(2) ^9(2) + ^9(2) ((1*5(2)) ~ 1*0(2), 

+5(0) Q 1*5(2)1*5(2) - ^1*<?(2) - ^(Tr5( 2) ) 3 )] y 

Specializing these results to 5( ) being the metric onfix S* 2 ^ 1 or using the results from appendix 
G one obtains, 

£ o(d = 2 ) = --, 2^ = 4) = ^, ^ = 6) = -^ (8-72) 

In the previous section we provided a formula for Eq in terms of A^ d _^, see (7.64). It is a nice 
check on our computations that both computations give the same answer and we demonstrate this 
for up to d = 6. 

To explicitly check the cancellation of divergences and compute Eq we need to know the coef- 
ficients K( 2n )ij and €( m \. These are computed in appendix G and we give here only the relevant 
results for the computation up to d = 6, 



K(2n)at[l] = 0, Kijh] = 0, K ab [j] = -f ab ^(2n)7 "> 

n=0 

1 % 1 % 1 



n=0 

(0)=1. *(2) = ^> %)=~i' *(6) = A' ( 8 - 73 ) 



where 



= -2r\ 2 



7afe = 19( )ab, 7 = e 2r ( 1 - e — ) , (8.74) 



and 5(o) a fe is the standard metric of S 2p 1 . For the expansion of the Killing spinor we get, 

m=0 

1 1 5 7 

e (f)-8 e H)' e (f)-"8 e (i)' '(I) " " 128 e (-*)' £ (§) " 128 e (D' (8 - 75) 
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where £(±i) are given in (F.5). Using (F.9) one easily obtains that they satisfy, 

(r a l)a) 2 e/ in = — -(d — l) 2 e,-_i-,, = t^! + total derivative (8.76) 

and we normalize as e; i.e/_i\ = 1. 

Using these results one can explicitly evaluate q^ and and find that they are equal to zero. 
Furthermore, qu-i) = f° r AAdS since the boundary metric is conformally flat. This explicitly 
demonstrates that the Witten-Nester energy is well-defined for up to d = 6. Furthermore, one can 
also easily evaluate -A^-i) with result, 

-^(d-i) = {d— l)fe(rf). (8.77) 

This implies that 

£ (0) = £ h [AdS] (8.78) 

since the right hand side of (8.77) is equal to K 2 T~£i, where Tj is the holographic stress energy 

tensor for AdS2 p +i and is the standard timelike Killing vector of AdS2 P +i (i.e. = l,£ a = 0). 

The ground state energy E$ is also related to the Casimir energy of a conformal field theory 
on R x S' d ~ 1 . To see this notice that the R x S^ 1 is conformally related to Minkowski space. 
One can thus obtain the vacuum energy on R x S^ 1 by starting from Minkowski space where 
the expectation value of the energy momentum vanishes and apply the conformal transformation 
that maps it to R x This would lead to a zero vacuum energy if the transformations were 

non-anomalous, but because in even dimensions there is a conformal anomaly one gets a non-zero 
result. We refer to [34] for a discussion of the d = 2 and d = 4 case. The fact that energy of AdS$ 
is equal to the Casimir energy of N = 4 SYM was first discussed in [6] . 



9 Other examples and global issues 

So far we have derived necessary conditions for the Witten-Nester energy to be well defined. Our 
discussion however was local in nature and thus our conditions are certainly not sufficient. In 
order to complete the analysis one has to address global issues as well and establish the existence 
of Witten spinors with the asymptotics we discuss here. In this section we illustrate some of the 
subtleties by means of two examples. 

We assume in this paper that the boundary admits at least one spin structure that extends in 
the bulk. In general, however, the boundary manifold can admit many spin structures and only 
a subset of those may extend to the bulk 8 . An elementary example that exemplifies the situation 
is the circle S 1 . It admits two spin structures: spinors can be periodic or anti-periodic around 
S 1 . If a boundary S 1 is contractible in the interior then only the anti-periodic spinors extend, 
but if S* 1 is not contractible both spin structures extend. An example where such issues arise is 
in three dimensions with boundary of topology R x S 1 . AdS% and the BTZ black hole have a 

8 A spin structure exists iff the second Steifel- Whitney class vanishes, = W2 £ H 2 (M,Z 2 ), and the number of 
distinct spin structures is equal to the dimension of _ff 1 (M, Z2). In particular, if M is simply connected there is a 
unique spin structure. 
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boundary of such topology, but in AdS^ the circle is contractible in the interior whereas in the BTZ 
black hole not. This is the first example we discuss below. A related discussion for more general 
supersymmetric spacetimes in 2 + 1 AdS supergravity can be found in [35]. 

Another related issue is the question of regularity of the Witten spinor. One may successfully 
satisfy the local conditions that ensure finiteness of the Witten-Nester energy by an appropriate 
choice of but there may not exist a globally valid regular Witten spinor satisfying these 

boundary conditions. We illustrate this issue with our second example, the AdS soliton. 

9.1 Extremal BTZ Black Hole 

We discuss in the subsection the extremal BTZ black hole [36]. The metric is given by 

/ 2 \ 2 

ds 2 = -N 2 (p)dt 2 + N- 2 {p)dp 2 +p 2 (d4>- %dt ) (9.79) 



where 



P 2 



N{p) = -{p 2 -p 2 ). (9.80) 



P 

The spacetime has an extremal horizon at p = po and a conformal boundary at p — > oo. Introducing 
a new radial coordinate 

P=y/e 2r + f% (9-81) 
we bring the metric in the form used in this paper 

ds 2 = dr 2 + e 2r {-dt 2 + d<j) 2 ) + p 2 Q (dt - #) 2 . (9.82) 

The horizon is now pushed to r = — oo and the boundary is at r = oo. This metric is of the general 
form (2.3)-(2.4) with the standard metric on R x S 1 . 

The holographic stress energy tensor associated with this solution can be computed using (3.15), 

Ttt = = -T t <f, = -|, (9.83) 

where we used Ki 2 )ij = —Q(2)ij an d read off g^) from (9.82). The boundary metric has the timelike 
Killing vector = C^)^ = d/dt and the spacelike Killing vector = C^di = d/d(p and we can 
use them to obtain the mass and angular momentum of the solution, 

2tt r 2n n 2 

t/-i _ / jit _ PO 



J = - r #I?C(V) = £ T d<f>Ttt = -^, (9.85) 

where G is Newton's constant, so the metric is the extremal solution with M = — J. The extremal 
solution with M = J is given by the same metric but with Gt$ — > —Gt<j>- Setting p\ = yields the 
massless solution. 

We now want to compute the Witten-Nester energy for the this solution. The extremal BTZ 
black hole admits one Killing spinor [37], and one could consider using it as a Witten spinor, as in 
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our discussion of AAdS spacetimes. We therefore need the explicit form of the Killing spinor. The 
vielbein and spin connection of the metric (9.82) are given by 

E l = N(r) dt, E f = dr, = p(r) d(f> - dt , (9.86) 

Pv) 

W % = -AT(r)#, J t = -^dr, J, = --J^# + p(r)dt 

where in these formulas N and p are understood to be functions of r (cf (9.80) and (9.81)). A 
straightforward computation shows that the Killing spinor is given by 

£=^(.1), (9.87) 

where is a constant spinor satisfying the following conditions 

P + e ( _i) = P *h-\) = ( 9 - 88 ) 

where P + = \(1 + T r ) and P^ t = ^(1 — T^). In (9.88) we impose two projections on a two 
dimensional spinor, so one might think that that there are no non-trivial solutions. In three 
dimensions however there are two inequivalent representations of the gamma matrices: (i) I" 1 * = 
ia 2 ,T^ = <j 1 ,r r = a 3 , where a k are the Pauli matrices, and (ii) T h = — r\ In representation (i) 
we find that T r = — r^' and therefore P + = P^ v so (9.88) admits a non-trivial solution. Notice 
that the Killing spinor e is periodic in (f>, actually it is constant in 0, where the corresponding AdS 
Killing spinor (F.4) is anti-periodic. 

We now choose as a Witten spinor the Killing spinor (9.87). The projection in (9.88) implies 
r*e(_ij = T^e^i) and this in turn implies that the boundary Killing vector, 

is a null Killing vector (since £* = Choosing (e^i^ 2 = 1 we have 

£ = C(t)+C(*)- (9.90) 

Let us now compute the corresponding Witten-Nester conserved charge. First we compute the 
ground state "energy" , 

l -A {1) = -et_^|e ( _i } = 0, =t> E = 0, (9.91) 

since the spinor is constant. One should contrast this with the case of AdS^, where E = 

—tt/k 2 . We thus obtain, 

E WN = - d<j)TjC = M + J = 0, (9.92) 
Jo 

as expected since the Witten-Nester energy is by construction equal to zero for Witten spinors 
that are equal to Killing spinors. In other words, the Witten-Nester conserved charge is a linear 
combination of the mass and angular momentum. 
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The Witten spinor, however, need not be equal to a Killing spinor. To obtain a Witten-Nester 
expression for the mass we now consider the following spinor, 



e' = y^e' { _ h) , (9.93) 

where 

In order for this expression to admit a non-trivial solution we must work with the irreducible 
representation (ii) where P + = P£ t . 

To show that this is a Witten spinor we compute, 

V f e> = p, V/ = 4jiy (9.95) 

from which we obtain 

(rv f + I^V^e' = 0. (9.96) 

This Witten spinor is associated with the null Killing vector field £ /l = e'/^Pe' u , where we 

\ 2> i~2> 

normalize |e',_iJ 2 = h, 

( 2> 

<* ft = e V§) r ^(-±) * = - 9 $) = l^it) - C(«)- (9-97) 



Let us now compute the Witten-Nester energy. The ground state energy Eq is zero because 

( 2> 

is constant and 

1-2-K 1 

E' WN = -J^ d41$(* = -(M-J) = M. (9.98) 



Notice that the Witten spinor is regular for p 2 > p\ or equivalently r > — oo. Furthermore, 
a possible contribution to the Witten-Nester energy from the horizon vanishes since the Witten 
spinor vanishes at the horizon. 

This example illustrates a number of points. Firstly, we see explicitly the dependence of the 
Witten-Nester construction on the spin structure and on the choice of Witten spinor. For AdSs 
one must choose anti-periodic boundary conditions for the Witten spinor and the dependence of 
on the S 1 coordinate <j> gives rise to the ground state energy Eq. In the BTZ case however 
the circle is not contractible and periodic spinors are allowed. In fact one must choose periodic 
spinors if one wants to preserve supersymmetry. With this choice the ground state energy vanishes. 
Another point that is illustrated by this example is that one may have to consider Witten spinors 
that do not approach a Killing spinor asymptotically in order to obtain all conserved charges. 



9.2 AdS Soliton 

In this subsection we discuss the AdS soliton [25]. This solution has a toroidal boundary and 
negative energy but it has been conjectured [25] that it is the lowest energy solution within its 
asymptotic class. This was checked for small perturbations in [25]- [38] and additional support for 
this conjecture was presented in [39], [27]. The negative energy was shown in [25] to be (proportional 
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to) the Casimir energy of N = 4 SYM on R x T 3 . In our general discussion we found that the 
Witten-Nester energy is equal to the holographic energy up to a ground state energy, which is 
present in odd dimensions. This ground state energy for AAdS had the interpretation of Casimir 
energy for the dual CFT on R x S d -\ So one could have hoped that similar discussions would 
prove the positive energy conjecture of [25]. However, inspection of the results in the literature and 
our results in section 7 shows that this cannot be the case. The AdS soliton has negative mass in 
all dimensions and this is incompatible with the bounds in section 7. In particular, the mass of 
even dimensional AlAdS spacetimes is bounded by zero and of AAdS?, by a positive quantity. It 
will be instructive however to understand why our considerations do not apply in this case. 
The metric for the five-dimensional AdS soliton is given by 



ds 1 



1 dp 2 



+ p 2 ( N{p) 2 dr 2 - dt 2 + dx 2 + dy 2 ^, (9.99) 



N{p) 2 p 2 

where 

N(p) = Jl-^. (9.100) 

Regularity requires that r is identified with period ^, and we take x,y to be periodic with periods 
R x ,R y , respectively. 

A change of the radial coordinate, 




e r = - ° =, or p 2 = e 2r + ~ 2r , (9.101) 



2 



brings the metric in the form used in this paper, 



ds * = dr 2 + /2r + « e -2r\ { _ dt 2 + dx 2 + dy 2 ) + £ ^-^ d T 2 (9.102) 



N ( g 2r _ ^ e -2r)2 



4 J (e 2r + 



= dr 2 + e 2r r Hj dx i dx j + e~ 2r ^{~dt 2 + dx 2 + dy 2 - 3 dr 2 ) + 0(e" 4r )dr 2 . 

From this metric we can read off the coefficients and obtain the coefficient by using (2.13). 
Up to n = 4 the only non-zero coefficients are 

= = K W % = -\a A K {A) % = ^a 4 (9.103) 

This boundary metric has a timelike Killing vector £ = d/dt, and we can use (3.17) to compute 
the mass of the soliton, 

E h = Jd^T tt = -^- (9.104) 

in agreement with [25]. 

We now turn to the discussion of the Witten-Nester energy for this solution. Let us assume for 
the moment that the no-divergence condition in (6.57) holds. The ground state energy is zero 
in this case since 

^(3) = -7^^(2) i ar a r i Vi)| 2 = (9.105) 
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because K^ 2 )ij = 0. To obtain the Witten-Nester energy, we compute 



1) 

|2 — 



so provided we can normalize |e^_i^| = 1 we obtain 

E W N = E h <0 (9.107) 

which contradicts the positivity property of the Witten-Nester energy. 

Let us now discuss the no-divergence condition (6.57) which for the solution at hand reads, 

+ d l + d r ) e V|) + cx - = • ( 9 - 108 ) 

This condition is solved by a constant £(_!) (which may be normalized to one) so our asymptotic 
conditions are satisfied. Integrating the Witten equation with this boundary condition leads to 



a 2 I 1 1 + N(p) 

which is singular at p = a. It follows that the step from (4.21) to (4.22) relating the manifestly 
positive bulk integral to a surface integral does not go through in this case. 

One might have anticipated problems with regularity of the Witten spinor since the circle cor- 
responding to r is contractible in the interior, so the Witten spinor and in particular should 
be anti-periodic in r. However, our £r-ly an d thus the Witten spinor in (9.109), is periodic. If 
we demand that £(_!) is antiperiodic in r, the condition (9.108) cannot be satisfied (with 
periodic or anti-periodic in x,y), and the Witten-Nester energy is not well-defined. 



10 Conclusions 

We derived in this paper conditions on the asymptotic structure of asymptotically locally AdS 
spacetimes such that their mass is bounded from below. This was done by computing a regulated 
version of the manifestly positive spinorial Witten-Nester energy and analyzing the condition for 
this energy to be finite. 

The spinorial energy E-^n is constructed from Witten spinors, i.e. spinor fields satisfying a 
Dirac-like equation on the initial-value hypersurface. It can be written either as a bulk integral 
or as a surface integral at infinity. The former is manifestly positive and the latter provides the 
connection with the conserved charges. The two expressions are equivalent, provided the Witten 
spinors are regular. For AlAdS spacetimes, the surface integral is not automatically finite, thus 
we introduce a cut-off r in the radial direction to regulate the theory, as in previous work on 
holographic renormalization. The regulated Ewn[t\ can now be computed for general AlAdS 
spacetimes, provided that we know asymptotic solutions of the Witten equation. We computed 
the most general asymptotic solutions of the Witten equation using methods similar to the ones 
in [14]. As a technical remark, we note that the use of the formalism of [14] (instead of the near 
boundary expansion of [3, 5, 8]) was instrumental in allowing us to carry out this computation. 
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The coefficients of the asymptotic Witten spinors are determined locally (up to a specific order) 
from the (still arbitrary at this stage) boundary value of the Witten spinor £(_ i) and the boundary 
vielbein. 

Having solved the Witten equation asymptotically, we then computed the regulated Witten- 
Nester energy. The expression involves a number of local power-law divergences and a logarithmic 
divergence in odd dimensions. This means that not all AlAdS spacetimes possess a finite positive 
Witten-Nester energy. The ones that do, have asymptotic data such that all divergences vanish 
identically. Thus the vanishing of the divergences provides necessary conditions on the asymptotic 
data for the spacetime to possess a finite Witten-Nester energy. The vanishing of the logarithmic 
divergence in odd dimensions implies that the even dimensional conformal boundary should be a 
conformally Einstein manifold. The number of power law divergences depend on the spacetime 
dimension. In dimension three there are no power law divergences and in dimensions 4 and 5 
there is one such divergence. In these dimensions, the vanishing of the divergence implies that the 
boundary manifold should admit a spinor satisfying a particular differential equation. It would be 
interesting to classify the four dimensional conformally Einstein spaces that admit such spinors. 
Such a list would provide curved backgrounds for which J\f = 4 SYM is expected to be well defined. 
Higher dimensions were only analyzed for AAdS spacetimes, i.e. for spacetimes that asymptotically 
approach the exact AdS solution. In this case, all no-divergence conditions are satisfied if we take 
the Witten spinor to approach asymptotically an AdS Killing spinor. 

Having established the condition for finiteness we compared the finite part of the Witten-Nester 
energy with the expression of the holographic energy, E^. In even dimensions the two agree exactly 
and in odd dimensions they differ by a bounded quantity which only depends on the asymptotic 
data. We give an explicit expression of the bound for AlAdS$, AlAdS§ and discuss it for all AAdS 
spacetimes. A general feature is that it is negative in Ak — 1 dimensions and positive in Ak + 1 
dimensions (k=l, 2, . . .). This difference between Ey/N and E^ in odd dimensions is due to the 
fact that E\yn is by construction equal to zero for super symmetric solutions, while the holographic 
energy may not be zero because of the conformal anomaly. 

In this paper we only analyzed local properties that follow from the asymptotic analysis. In 
order to rigorously establish the bounds, one has to show existence of Witten spinors with the 
asymptotics we discuss. It is clear from examples that such a discussion will depend sensitively on 
global properties. For example, one would have to understand the dependence of the construction 
on spin structures. To illustrate such subtleties we discussed two examples, the extremal BTZ 
black hole and the AdS soliton. The extremal BTZ and AdS% spacetimes have the same conformal 
boundary, but the Killing spinors are periodic (along the compact boundary direction) in the 
supersymmetric BTZ case and antiperiodic in the case of AdS$. The energy bound in these cases 
thus depends on the spin structure. The example of the BTZ black hole also illustrates the fact 
that, in order to construct all conserved charges, it may be necessary in some cases to consider 
Witten spinors that do not approach asymptotically bulk Killing spinors. The AdS soliton gives 
an example where all local requirements can be satisfied, but a global regular Witten spinor with 
these boundary conditions does not exist. 

In this paper we have restricted our attention to the case of pure gravity, but the discussion 
can be generalized to include matter. This is interesting both intrinsically and also from the point 
of view of the AdS/CFT correspondence. A particularly interesting case is that of domain wall 
backgrounds since they are dual to holographic RG flows. A stability analysis for a class of such 
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spacetimes was presented in [40, 41, 31]. An extension of our analysis in this direction will lead to 
a systematic search for stable backgrounds supported by matter fields. 
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A Conventions and Notations 

Our index conventions are as follows 

M = {r, {*}} 5 {*} = {t, {a}} ; {a} = {1, 2, d - 1} ; {a} = {r, {a}} , (A.l) 

and hatted indices stand for flat indices. We use mostly plus signature. Our spinor conventions 
and covariant derivatives are given by 

e = € tr f (A.2) 

{r^,r l/ } = 2G^ (A.3) 
(r a )t = r a , (ry = r f , (r*)t = -r* (A.4) 

V,e = {d, + \^T^)e (A.5) 
V^V u] e = ^R^ p5 TP 5 e (A.6) 
V^e = {V, + \v,)e. (A.7) 

B The radial and the time slices 

We list here the various slices used in the main text. We consider an AlAdS spacetime M with 
conformal boundary dM. As discussed in the main text, we can always choose coordinates near 
the boundary where the metric looks like 

ds 2 = G^ v dx^dx v = dr 2 + jij(x, r)dx l dx : ' 

= E^®E f + Y, % E l ® BP , (B.l) 

where rjij is the Minkowski metric in d dimensions and we introduce the vielbein 1-forms 

E» = E^. (B.2) 
The choice of coordinates in (B.l) implies that we can choose 

El = 1 + 0(e-^ r / 2 ), E r f = l + 0(e-^ r / 2 ), E l T = 0(e-^ r / 2 ), E\ = 0(e^ d -^ r / 2 ), 

(B.3) 
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A 




DM 



C t 



Figure 1: We illustrate in this figure the various slices used in this paper. The shaded area is the initial 
value surface, DM is the conformal boundary of the spacetime and E r is the regulated surface. 



which implies 



E f = dr, B f = E^d. = d r . 



(B.4) 



up to the order indicated above. 
The radial slice S r 

The radial slice is defined by its normal E r . With the coordinate choice in (B.l), this is the 
r = const slice. The induced metric is given by 



ds 2 r = jij(r, x) dx l dx j = ^ E % ® E j 



(B.5) 



1,3 



As r — > oo, S r approaches the conformal boundary dM. In this limit the induced metric jij(x,r) 
blows up and only a conformal structure is well-defined. One can pick a specific representative <7( ) 
by a specific choice of defining function p (a defining function is a positive function that has a single 
zero at the boundary). Choosing as defining function p = e~ r we get as a boundary metric 



dsl 



9(p)ij dx l dx 3 



(B.6) 



where e 1 
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The time slice C t 

We consider the time slice Ct defined by its normal E l . The induced metric on Ct is 

dsf = t G ilv dx il dx v = (C^ + E[E^ dx^dx v 

= ® E & = E f ® E f + ^2E d ® E d . (B.7) 

a a 

The boundary of the time slice C t fl £ r 

The induced metric on the intersection of the two slices is 

dsf rt) = S j dx i dx j = ( jij + E\E) ) dafdx? = ^E h ®E & (B.8) 

a 

As r — > oo, and with the same defining function as before, we get for the metric on Ct H dM 

ds lo,t = t 9(o)ijdx l dx J = {g(p)ij + e\e) )dx l dx 3 , (B.9) 
where e\ = lim r _ >00 (e _r Ef) is the vielbein of the boundary metric <?(o)ij- 

C Asymptotic expansions 

In this appendix we present some of the technical details needed in order to obtain the asymptotic 
solution of the Witten spinor. 

The dilatation operator (2.7) is given in terms of the vielbein by 

5 D = I d d xE{^-r, (CIO) 
J 5Ej 

and the second fundamental form and radial derivative admits the expansions 

[4=1] 

= 6 )+ iZ K m) + K {d) ) + K {d) )(-2r) + --- (C.ll) 
fc=i 

[^1 



d r = $D + ^2 d ^ 2k ) + dr (d) ~ ( 2r )9r(d) H 

k=l 

/S f 5 

d dxK (n)ijj^, dr(d) = J d d xK {d)ij — , (C.12) 

where [^-] denotes the integer part of and is zero when d is odd. Furthermore, since 

Kij = E^E^rjy, E\ admits an expansion of the form 

d-l 

d r El = El+Y, E {k) { + (-2r) + " " " ( C ' 13 ) 
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In our coordinate system, the spin connections are given by 

n?=E k $d r E]}, <>f I^K;,. fi?', (C.14) 
and the covariant derivatives take the form, 

V,6 = { dr + l E ^d r E^V i ,+ 1 -V r )e, 

Vie = (D l + ^E^K ik T k + ^T-)e. (C.15) 

where Di is the covariant derivative of the induced metric 7^ . 

Using the results above one can work out the asymptotic expansion of the covariant derivatives 
and the operator JJ = F r Vf + T a Va that appear in the Witten equation, 

7(0) = + 5 

f(i) = T*Da (C.16) 



tw = (2 / TiA; ^ + ^ ^^^^.^l 1 r, 3 . + i ^ (d / a r^r.) r' 3 . 

where n = 1, 2, [^-]. Note also that 8 D E ki = -E ki , so E ki = and that f \ 2k+1) = 0. 
Observe that 

7(d)- = °' if^P*] = 1), f^P* = P T f(i) 
f m P- = (-6 D + 1)P-, y (0) P + = (fe + d - ^)P+ (C.17) 

We will also use in the main text the asymptotic expansion of the operator T a Va- It is given by 

(d-l)P + 



r a V a( o) 


2 2 


r a v a{1) 




r a V a (2n) 


= -id, 9 ,r a r,r 
2 a ( 2 «) ■? 


r a v a(d) 


2 a ( rf ) j 


r a v a(d) 


= -kl, „r a r-.r . 

2 a(d) J 



(C.18) 



n = l,2,....,[^-i] 



D Properties under Weyl transformations 

We discuss in this appendix the Weyl transformation properties of the conditions of the absence 
of divergences. We focus on the Weyl transformation properties of (the integral of) but the 
discussion can be extend to the other coefficients. 
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c t ns r 



We wish to know how the leading divergence 

^ <Z(i) = J d d ' l x^ e^q {l) (l + 0(e' 2r )) (D.19) 

>^v^w e(d_2)re t|) ((d^ry (r*^) 2 + ^( 2 )|r^r-.) (i + o( e -*)) 

transforms under a local Weyl transformation, 

S(c»ij = e 2CT(a:) 5(o)^ • (D.20) 

(The hat notation is defined in (2.14)). In order g^o)ij to admit a timelike Killing vector we need 
to impose the following condition on a(x): 

a i = efao = , (D.21) 
The Weyl transformation of (D.19) can be worked out using 

h = e - CT (£)a + ^ S r a S ) (D.22) 
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K (2)ij = K (2)ij ~ DiDjcr + DicrDjcr - ^-(Da) 2 g^ 



Using these results we derive, 

The overall factor is due to the dilatation transformation property of . We will now show that 
the additive term is required by the invariance of the Witten-Nester energy under diffeomorphisms. 

Weyl transformations on the boundary are induced by special bulk diffeomorphisms, 

e r+*(x) = e r (i + o( e - 2r )), x { = x i ( 1 + 0{e~ 2r ) ) . (D.24) 

The regulated Witten-Nester energy is invariant under this transformation provided we also trans- 
form the cut-off, 

E NW [r] = E NW [f + a{x)\. (D.25) 

The normal to the surface f + a(x) is given by 1^ = V^{f + a(x)). Inserting this in the definition 
of the Witten-Nester energy and considering the leading term in the limit f-toowe get 

E NW [f + a(x)} ~ J d^x^g 7 ^ - l|_ ^a ^b^e^ + c.c.) (D.26) 

which agrees with the rhs of (D.23). The additive term is due to a dependence of the normal vector 

In, 
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E Bulk Killing spinors and Witten spinors 

We show in this appendix that for an AlAdS spacetime, the bulk Killing spinor e admits the 
asymptotic expansion 

e = € ( _i) +€(!) + ■■■ (E.27) 

with 

£(_!) = -P _ £(_i), = -r'A^.i) V i, no sum over i (E.28) 

Furthermore, 

e = (E.29) 
is a timelike or null boundary conformal Killing vector. 

Proof: 

The asymptotic expansion of the covariant derivatives can be obtained from the results in appendix 
C. Starting from (C.15) we obtain 

V r e = {{5 D + -Yf) + V (2) + • • •) e (E.30) 

V t e = (E{r ] P + + A + V (2)i + ■ ■ ■) e . (E.31) 
We can now solve asymptotically the Killing spinor equations 

V M e = 0. (E.32) 

The radial equation, V r e = 0, implies that 

e = e^e^i) + e"5 r e (i) H (E.33) 

e H) = P ~h-\) ! h\) = P+ %) (E.34) 
Inserting this in the spatial equations, V^e = 0, we obtain 

A£(_l) + -T^(i) = > ^ ^(l) = ~~ r*Dje(_i) V z (no sum) (E.35) 

where Di and Tj = e^T-. are defined with respect to the boundary metric g(o)ij- 

Notice that an asymptotic Killing spinor is in particular a Witten spinor, but not vice versa. For 
instance, the sub-leading asymptotic coefficient of a Witten spinor is given by (5.45), 

e r u = — — — T & D a e ( _i, , Witten spinor (E.36) 

\2> d — 1 ( 2> 

Unless r a Z)ae(_i) = ^ b Dyi^_iy for all a and b, the Witten spinor will not asymptote to a Killing 
spinor. 
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The fact that £ l = e^i^T'e^i^ is a conformal Killing vector follows by direct computation using 
the asymptotics of the Killing spinor, 



D(i€j) = D (i \ e (-k) T i) 



: (-|)^) e H) 

1 . 



(*) C (-*) C ("*) C (£) 

= \g m b k (*. (E.37) 

We now prove that £ l = e^_i^Pe^_i^ is timelike or null. Let us introduce the hermitian matrix 

A = VaT t T\ v 2 = rj &i VaV' b = 1, i = {t,{a}}. (E.38) 
and consider e/i-, that is an eigenvector of A, 



Ae { i)=ae ( i)- (E-39) 



Since A 2 = l,a 2 = 1 too. Multiplying (E.39) by ej_i and squaring we get 
Elementary algebra shows that 

E(^ s - ^ a ) 2 = E(n 2 - (e ^ °> (E.4i) 

which implies 

iei 2 ^-(e 6 ) 2 + E^ a ) 2 ^ - (e.42) 

a 

F Killing Spinors of AdS^+i in global coordinates 

We discuss in this appendix the structure of the Killing spinors for AdS^+i spacetimes in coordinates 

ds 2 = dr 2 - N 2 + {r) dt 2 + N 2 (r) dttj^ , (F.l) 

where 

N±(r) =e r ± ie" r (F.2) 
and d£l 2 l _ 1 ^ s ^ e standard metric on S^ 1 , 

dn 2 , = del + sm 2 e n dn 2 ^ ; dnj = de\ , (f.3) 
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The radial coordinate p usually used in the standard global coordinates is given by p = iV_ . 
We find that the Killing spinors can be written in the following compact form 

e = e* € ( _i) + e-S e ( i } , (F.4) 

where 

e ( _i) = P-0+_ 1 O d - 2 ...0 1 O tV (F.5) 
= -\p + Ol i _ 1 O d ^...O l O t r 1 , 

with rj a constant spinor and 

O t = e"5 r * = cos ^ - sin ^ T l (F.6) 

Oj = cos| • sin|r™ j = l,.,d-2 

O* = cos^iisin^ir^ 1 . 
d_1 2 2 

Proof 



The covariant derivatives are given by, 



V f = d r + ±T? (F.7) 



1 , A 1 



V a = (D £ + e r r £ P+- -e- r r £ P"), fc = l,...,d-l 

where ~D~ k = e^Dk denotes the covariant derivatives on the unit sphere. Explicitly, 



i-i 



I 



<5* cos 9i \ J sin6* m (k < I) , 
d— 1 

4 = n 



m=i+l 

d-1 

sin m . 

m=fc+l 



Using these expressions, one can easily verify that (F.4) satisfy V^e = V t -e = 0, so we concentrate 
on the spherical part. From (F.7) we see that V^e = is equivalent to the following equations, 
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These equations are easily shown to hold for k = d — 1, so in the following we discuss the cases 
k = 1,2, ..,d — 2. Our proof is similar in spirit with the discussion in [42]. 
We begin with the fact 9 

djOk = 5 j k\r j+1 > j O j , (F.10) 

which can be used to rewrite (F.9) as 

OU U 3 d - 2 + u/ 1 T 3l 0U ~ 4 r i°ti = 0, (F.11) 
where £/■ k (k < j) is defined by 

Uj k = O k U 3 - fe - 1 O fc ~ 1 ; U 3 3 = r j+1J . (F.12) 
Equations (F.ll) can further be rewritten as 

0±_! U 3 d - 2 0^ + cos 9 d ^ u/ Tjt T 4 Tj (1 T sin 6> d _i r d _i) = , (F.13) 

where we have used the relations 

Pti^i = O-^Ot, = cose d ^ (F.14) 

(O^) 2 = l±sin(9 d _ir d _i. 

Using (F.8) and the relation 

Oti rj.d-1 = r jld -i T sin^ir,, (F.15) 

one can prove (F.13) provided U k is given by 

k 

Y,~/ l .i> ~ ^ce k+1 u^ k+1 r jik+1 . (F.i6) 

We now prove this relation by induction. First observe that Uj J = satisfies (F.16). Suppose 

now that (F.16) is satisfied for Uj k for some k < d — 2. Using 

O fc+ i r^fc+iC?^ = cos^+i T jtk+ i + sin^+i r jife+2 , (F.17) 

one finds that U- k+1 satisfies (F.16) too. This finishes the proof of (F.16) and thus the proof that 
(F.4) is the Killing spinor of AdS^+i- 

9 To avoid cumbersome notation we drop the "hats" from the indices of the gamma matrices in the rest of this 
appendix. 
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G Asymptotics of AAdS spacetimes 

We obtain in this appendix the coefficients K( 2n )ij [ff(o)]> n < d f° r AAdS. As mentioned in the main 
text, it is sufficient to compute them for the exact AdS solution. 

Consider AdS^+i with boundary metric <?( ) the standard metric on R x S^ 1 . Then from (2.3) 
we obtain, 

9(2)ab = -^9{Q)ab-, 9(2)tt = ^9({i)tt-, 9(A)ij = J^9(0)ij- (G.18) 

The induced metric and second fundamental form are given by 

Hj = e 2r (g {0)ij + e~ 2r g {2 )ij + e~ Ar g {A)ij ) 
Kij [7] = = e 2r 9(0)ij ~ e ~ 2r 9(A)ij = K {0)ij [7] + • • • + K (2n)ij [7] + ■ ■ ■ (G.19) 

Recall that the coefficient K^ 2n )ij are local polynomials of dimension n of (covariant derivatives 
of the) curvature tensor of the induced metric. For the case at hand, this implies that K^ 2n )ij is 
proportional to R n , where 

R=(d-l){d-2)r\ 7 = e 2r (l-^) (G.20) 

is the curvature scalar of 7^. Thus, the expansion in eigenfunctions of the dilation operator is 
equivalent to an expansion in 7 _1 , 



iW7]=7a fe EW~ 2n (G.21) 



n=0 



Inserting this expression in (G.19) yields, 



— 2r \ ~2n —2r —2r 

£ W~ 2nr ( 1 - V = a + V)a - V)" 1 - ( G - 22 ) 



n=0 



Expanding both sides around r — > 00 and matching powers of e 2r determines the coefficients k^ 2n ) ■ 
The first few are given in (8.73). 

We next turn to the expansion of the Witten spinor. As mentioned in the main text, we take the 
Witten spinor to be a Killing spinor up to sufficiently high order, and the Killing spinor is given by 

€k(x, r) = e%i(_ij(x) + e~^e^(x). (G.23) 

To obtain the eigenfunctions of the dilatation operator we should express ex(x,r) as a series in 
7"\ 

e K (x,r) = £ e { _ i+m) {x)r^ +m) ■ (G.24) 
Comparing (G.23) and (G.24) determines e^_i +m ^(x). The first few are given in (8.75). 
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